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A coupled structural-electrical nonlinear modal finite-element multiple-mode formulation for laminated

composite shallow shells with embedded piezoelectric sensors and actuators is presented for the suppression of large-

amplitude undamped free vibrations. Composite shells exhibiting both softening and hardening behavior are

investigated. The linear quadratic regulator combined with an extended Kalman filter is employed as an active

controller for the suppression of nonlinear free vibrations. However, when the frequency of limit-cycle oscillations is

suddenly changed from the softening to the hardening response characteristics or vice versa, active controller has

difficulties to adjust the control parameters to cope with the changed structural response. To mitigate this issue, the

currently developed controller is adaptively designed using the system identification which has the ability to identify

the frequency of limit-cycle oscillations. It is shown that the adaptive controller constructed of the linear quadratic

regulator and extended Kalman filter with system identification is suitable for suppression of the sudden change of

shallow-shell response characteristics. The norm of optimal feedback control gain method for actuators and the

norm of Kalman filter estimator gain method for sensors are employed to determine their optimal locations,

respectively. Two different self-sensing actuator types, PZT5A andmacrofiber composite, are used and their control

performance for the suppression of the oscillations is compared. The numerical results illustrate that the adaptive

controller can successfully suppress the nonlinear free vibrations, even with unknown sudden changes in the

multimode response characteristic.

Nomenclature
�A, B, C, D = system state-space matrices
�A�, �B�,
�D�, �As�

= in-plane, coupled in-plane bending, bending, and
shear material stiffness matrices

h = panel thickness
�Kb�� = coupled bending and electrical stiffness matrix
�KL�, � �KL� = linear and linear modal stiffness matrices
�Kq�, �Kqq� = modal first-order and second-order nonlinear

stiffness matrices
�K1�, �K2� = first-order and second-order nonlinear stiffness

matrices
�M�, � �M� = mass and modal mass matrices

Q = symmetric positive semidefinite state weighting
matrix

Qe, Re = covariance matrices
fqg = generalized modal coordinate vector
fqsg = sensor charge output vector
R = shell radius
R = symmetric positive definite control effort

weighting matrix
U = control input
fUg, fVg = in-plane displacements along x and y axes
Vi = constant electrical voltage over the i-th

piezoelectric layer
fWg = system node degrees-of-freedom vector

X, X̂ = actual and estimated state vectors

Y, Ŷ = sensor output and estimated output vectors
f�sg = shear strain
f"og = in-plane strain vector
f�g = bending curvature
� = mass density
��� = eigenvector matrix
! = frequency

Subscripts

b = bending
L = linear
max = maximum
min = minimum
Nb = referring to �B�f�g
Nm = referring to �A�f"omg
NL = nonlinear
np = total number of piezoelectric layers per element
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R = radius
r = mode number
s = shear
x = x axis
y = y axis

I. Introduction

S HALLOW shells are common structural components in aero-
space and other engineering applications. Despite the fact that

most of the practical problems involve a forced response prediction,
the free-vibration studies of shallow shells lend a valuable insight
into their structural dynamic response prediction.

Liew et al. [1] reviewed the vibration of shallow shells, and various
theories have been described. Marguerre curved plate theory was
used by Cummings [2] to study large-amplitude vibration of a freely
supported cylindrical shell segment. Donnell’s shell theory was
applied by Hui [3] for simply supported cylindrical panels with
geometric imperfections. Raouf and Palazotto [4] used the Donnel-
Mushtari-Vlasov shell theory to model curved orthotropic cylin-
drical panel using the Galerkin procedure and perturbation method.
Abe et al. [5] studied nonlinear vibration of clamped laminated
shallow shells by considering the first two modes (first symmetrical
and first antisymmetrical). They investigated the influence of the first
mode on nonlinear vibration of the second mode. Pillai and Rao [6],
and Bhimaraddi [7] were concerned with the softening effect in flat
plates due to antisymmetrical lamination. Interestingly, in the curved
panel the softening effect can be either magnified or suppressed by
the stacking sequence of the symmetric or antisymmetrical lami-
nation. Classical analysis have neglected the in-plane inertia terms
due to mathematical difficulties. Shi et al. [8] studied the coupled
linear bending-in-plane modes to obtain the nonlinear general
Duffing equations. Przekop et al. [9] investigated the differences in a
shallow-shell response prediction when uncoupled versus coupled
linear bending and in-plane modes are used. They also concluded
that the in-plane inertia can be neglected in the nonlinear response
simulation of shallow shells.

To control the global dynamic behavior of the flexible structures,
the active modal controller methodologies have been developed.
Inman [10] established the modal control techniques to manage the
problems of control spillover which is caused by the structural
flexibility. He pointed out the application of numerous sensors and
actuators providing an effective and simple solution to problems
associated with control of flexible structures. Zhang [11] used the
natural second-order form of the equations of motion to design the
optimal vibration control. The optimal control feedback matrices
were obtained by solving a set of linear differential equations. Xie
et al. [12] employed H-infinite control method to suppress the low-
frequency modal vibration of the thin plate covered with a
controllable constrained damping layer. They considered disturb-
ance/output characteristic of the structure in robust control design.
Abdel-Motagaly and Mei [13] investigated the application of the
adaptive feedback linearization controller to suppress the free
vibrations of a simply supported beam. De Abreu and Ribeiro [14]
proposed an online self-organizing fuzzy logic controller to control
of vibrations in flexible structures. Hossain et al. [15] studied genetic
algorithm and adaptive neurofuzzy inference system to develop a
control mechanism for suppression of transverse vibration motion of
flexible beam. Li et al. [16] showed the application of adaptive
control method for nonlinear free vibrations of the flat plate using
piezoelectric actuators.

The free response structural analysis carries its inherent com-
plexities. In particular, obtaining the exact initial condition for the
steady periodic multimode solution is a challenge and, therefore,
most published studies are limited to a single-mode approach. In the
current paper an improved multiple-mode approach is offered and
since the judicious initial conditions are necessary to compute
multimode solution, an iterative procedure is introduced. A shallow-
shell finite element (FE) with the improved shear correction factor is
used in the formulation. Composite curved panels with different
lamination stacking sequences are employed to simulate the

hardening- and softening-dominant vibrations. The von Karman
nonlinear strain-displacement relations, classical laminated compo-
site plate theory, the first-order shear deformation theory, and linear
piezoelectricity constitutive relations are employed in the coupled
electrical-structural FE formulation of nonlinear free-vibration in the
physical coordinates. The system equations of motion are then
transformed into a reduced-size set of equations in the modal
coordinates. As for the self-sensing actuators, PZT5A [17] andMFC
[18] piezoelectric smart materials are applied to composite curved
panels. The norms of feedback control gain [19] (NFCG) and the
norms ofKalmanfilter estimation gain [20] (NKFEG)methods guide
the favorable location of self-sensing actuators. The linear quadratic
regulator (LQR) combined with the extended Kalman filter (EKF)
are designed to suppress the vibration amplitudes. System ID permits
identification of the nonlinear frequency of the system to facilitate the
control of the qualitatively changing structural response character-
istic. The controller is optimized to suppress corresponding dynamic
motions. To the authors’ knowledge, it is the first study in designing
the multiple-mode adaptive controller for a shallow-shell structure
with the objective of suppressing both hard- and soft-spring
behaviors.

II. Finite-Element Formulation

A. System Equations of Motion in Physical Degrees of Freedom

A fully coupled structural-electric FE formulation is developed to
incorporate isotropic (PZT5A) and anisotropic (MFC) piezoelectric
smart materials in shell structures. The triangular Mindlin [21,22]
(MIN3) FE with the improved shear correction factor and addi-
tionally enhanced with an additional electric potential degrees of
freedom (DOF) to model the embedded piezoelectric actuators and
sensors is developed. The electric DOF is assumed constant over the
each piezoelectric layer. The first-order shear deformation theory for
a curved shallow shell is presented considering the vonKarman large
deflection. The large deflection strain-displacement relations of the
Mindlin first-order shear deformation theory are given by [21] as

f"g � f"og � zf�g (1)

where

f"og � f"omg � f"obg � f"oRg
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are comparable to mechanical strain-displacement relations. The
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where hi is the thickness of the i-th piezoelectric layer, and the
polarization of isotropic piezoelectric materials is generated in the
3-direction, and that of anisotropicmaterials is in the 1-direction. The
constitutive equations (stress-strain relations) of the k-th layer of a
fiber reinforced laminated composite curved panel with embedded
piezoelectric layers are introduced next. Considering the k-th
piezoceramic layer the coupled stress resultants of force andmoment
per unit length are expressed as
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where

�fN�g; fM�g� �
Z
h=2

�h=2
� �Q�kfdgkEik�1; z� dz (4)

��A�; �B�; �D�� �
Z
h=2

�h=2
� �Q�k�1; z; z2� dz (5)

The piezoelectric charge constant in the principal axes is
fdgTk � �d31 d32 0 �, with d32 � d31 and i� 3 for PZT5A
actuators, and fdgTk � � d11 d12 0 � and i� 1 for MFC actuators
[18,19], where d11 of MFC has the advantage of being twice as large
as the value of d31 of PZT5A. As for the application of effective
actuator motion, bending moment fM�g is applied by setting the
equal amplitude but opposite sign of voltages on the top and bottom
of piezoelectric layers for both PZT5A and MFC actuators. The in-
plane piezoelectric actuation force fN�g is negligible for suppression
of the limit-cycle oscillations (LCO) of the curved panel [23].

FE equations of motion for the laminated composite shell with
fully coupled electrical-structural properties are obtained based on
the Hamilton’s principle. Following standard assembly procedures
of element matrices the global equations of motion can be expressed
[24] as

Actuator equation:

�Mb� 0

0 �Mm�

" #� �Wb

�Wm

�

�

0
@ �Kb� � �Ksb� � �KRb � �Kbm� � �KsRbm� � �KRbm�
�Kmb� � �KsRmb� � �KRmb� �Km� � �KsRm �

" #

�
�K1b� � �K1Nbb � � �K1Nmb � � �K1Rb � � �K1

NCR
b � �K1bm�

�K1mb� 0

" #

�
�K2b� 0

0 0

" #1A�Wb

Wm

�
��

�Kb��
0

" #
fW�g (7)

Sensor equation:

fqsg � ��K�b�fWbg (8)

B. Modal Formulation

The nonlinear system equation of motion, Eq. (7), can be very
large and therefore its direct numerical integration can become
computationally intensive. To gain computational efficiency amodal
reduction process can be performed. The nonlinear stiffness matrices
�K1� and �K2� rely on the unknown structural displacements
fWg � �fWbg; fWmg�, where fWbgT � �fWtgT; f�xgT; f�ygT � and
fWmgT � �fUgT; fVgT �, what consequently requires them to be
updated repeatedly throughout the time integration process. High
frequencies and small amplitudes of the in-plane motion allow an
approximation where the in-plane inertial term is neglected in
Eq. (7). Thus, the in-plane displacement fWmg can be expressedwith
respect to the transverse displacement vector fWbg as

fWmg � ���Km� � �KsRm ���1��Kmb� � �KRmb�
� �KsRmb� � �K1mb��fWbg (9)

Substituting Eq. (9) into Eq. (7), equation of motion is represented
as a function of bending displacement only, i.e.,

�Mb�f �Wbg � ��Kb� � �Ksb� � �KRb � � �K1b� � �K1
Nb
b �

� �K1Nmb � � �K1Rb � � �K1
NCR
b � � �K2b� � ��Kbm� � �KsRbm�

� �KRbm� � �K1bm����Km� � �KsRm ���1 	 ��Kmb� � �KRmb�
� �KsRmb� � �K1mb���fWbg � ��Kb��fW�g (10)

The expansion of Eq. (10) results in 16 new linear terms, six first-
order nonlinear terms and 1 s-order nonlinear [9]. Moreover, the

first-order nonlinear term �K1Nmb � is a function of the in-plane
displacement fWmg itself which leads to a further expansion. The
physical bending displacement component fWbg can be expressed as
a summation of the modal bending displacement bases f�bg as

fWbg �
Xn
r�1

qr�t�f�bg�r� � ��b�fqg (11)

The number of needed linear modes, n, is much smaller than the
number of physical DOF in bending fWbg. Mode-shape f�bg�r� is
developed from the linear eigen-problem defined as

!2
r �Mb�f�bg�r� � �KLb�f�bg�r� (12)

where �KLb� consists of all the linear terms in Eq. (10). The normal
mode f�rg is normalized with the absolute maximum component to
unity. Therefore, the modal mass matrix and the modal linear
stiffness matrix become

� �Mb� � ��b�T �Mb���b� (13)

� �KLb� � ��b�T �KLb���b� (14)

The nonlinear stiffness matrices in the modal coordinates can be
written as

�Kqb� � ��b�T
Xn
r�1

qr�t��K1b�����r���b� (15)

�Kqqb� � ��b�T
Xn
r�1

Xn
s�1

qr�t�qs�t��K2b�����rs���b� (16)

Actuator equation, Eq. (10), in the modal bending coordinates can
be expressed as

� �Mb�f �qg � �� �KLb� � �Kqb� � �Kqqb��fqg � �� �Kb��fW�g (17)

Sensor equation, Eq. (8), in the modal bending coordinates can be
expressed as

fqsg � �� �K�b�fqg (18)

where the expressions for �KLb�, �Kqb� and �Kqqb� are derived in [9].
For the multimode solutions, the dominant modes to be included in
the modal transformation are selected based on the modal par-
ticipation for the converged LCO solution. The participation of the
r-th mode can be expressed as

Participation of the r-th mode� max jqr�t�jP
n
s�1 max jqs�t�j

(19)

III. Adaptive Controller Methodology

A. Linear Quadratic Regulator/Extended Kalman Filter

In developing the control system, LQR along with EKF is
provided based on the closed-loop design method. To get all state
variables measured, the estimator must be incorporated to obtain the
unmeasurable state variables. The mathematical model in modal
coordinates from Eqs. (17) and (18) is used to analyze a control
system performance. It is essential to represent the system equations
into the standard state-space form written as
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_X� �AX�BU Y � CX�DU (20)

where

X �
�
q
_q

�
; U � fW�g; Y � fqsg (21)

�A�A�Aq �
0 I

�� �Mb��1� �KLb� 0

" #

�
0 0

�� �Mb��1�� �Kqb� � � �Kqqb�� 0

" #

B�
0

�� �Mb��1� �Kb��

" #
; C� ��� �K�b� 0 �; D� 0 (22)

The total system state matrix �A is separated into the linear partA and
nonlinear partAq. First step of contriving the controller is to compute
the state feedback control gain matrix of LQR. Note, that only the
first termA is considered in Eq. (22) in applying the optimal law in

Eq. (24). The estimated states X̂ will be observed from EKF system:

U ��KX̂ (23)

The feedback gainK matrix of the LQR controller can be optimized
by minimizing a quadratic performance index J:

J �
Z 1
0

�XTQX�UTRU� dt (24)

K �R�1BTP (25)

The matrices Q and R are selected to satisfy the condition of the
positive definite symmetric matrix. The solution of the algebraic
Riccati equation determines the matrix P given by

ATP � PA� PBR�1BTP �Q� 0 (26)

The estimated state variables are returned through the EKF. Those
variables are used in output feedback by comparing the difference
between real and estimated measurement information. The second
termAq in Eq. (22) is considered to compensate the nonlinear part of
the dynamic response. The nonlinear state estimation and mea-
surement are expressed as

_̂
X� �A�X̂; t�X̂�BU�Ke�t��Y � CX̂�; Ŷ � CX̂ (27)

Taylor’s series are applied to pursue the first-order linear
approximation coefficients to cope with the nonlinear matrices as
follows:

F �t� 
 @f�X; t�
@X

����
X�X̂�t�

�
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@X1

@f1
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@X2
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@X3

� � � @f2
@Xn

@f3
@X1

@f3
@X2

@f3
@X3
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@Xn

..

. ..
. ..

. . .
. ..

.

@fn
@X1

@fn
@X2

@fn
@X3

� � � @fn
@Xn

2
66666664

3
77777775
X�X̂�t�

(28)

where

f �X; t� � _X� �A�X; t�X�BU (29)

X� �X1X2X3 � � �Xn�T

F�t� 
A�
�
Aq�X; t� �

@Aq�X; t�
@X

X

�����
X�X̂�t�

(30)

The differential Riccati equation determines the Kalman optimal
filter gain Ke. Since the nonlinear term is updated online, the EKF
gain is computed at every time interval resulting from

_P e�t� � F�t�Pe�t� � Pe�t�F�t�T � Pe�t�CTR�1e CPe�t� �Qe
(31)

K e�t� � Pe�t�CTR�1e (32)

The optimal location of self-sensing piezoelectric actuators are
obtained based on the norms of feedback gain designed for the LQR
in Eq. (25) and the norms of feedback gain designed for the EKF in
Eq. (32):

NFCG�

���������������X2n
j�1
K2
ij

vuut ; NKFEG�

�����������������X2n
j�1
K2
eij

vuut (33)

B. System Identification

In 1992, a novel approach has been developed by Chen et al. [25]
to integrate system identification and state estimation. Phan et al. [26]
derived a versatile approach for system identification: the observer/
Kalman filter identification algorithm. This algorithm diminishes the
effects of noise on the identified system parameters. It has been
proven to be numerically efficient and robust with respect to mea-
surement noise, even in the presence of mild nonlinearities. A
number of successful applications of this method have been
documented, for instance in the areas of structural mechanics and
aerospace engineering [27]. For the adaptive control, system ID is
required to identify the frequency of LCO.The frequency detected by
system ID is then used for LQR/EKF to suppress vibrations. Since
system ID has to be evaluated online, it can be regarded as online
identification. Accordingly, the adaptive control is based on an input-
output model. In an input-output model, the output variable is
described directly in terms of the input variable while the state-space
representation describes the relationship in terms of an intermediate
variable, the system state. The autoregressive model with exogenous
input (ARX), where the system output at the current time step is
described as a linear combination of a certain number of past input
and output values, is used as the following input-output model:

y�k� � �1y�k � 1� � �2y�k � 2� � � � � � �py�k � p� � �0u�k�
� �1u�k � 1� � �2u�k � 2� � � � � � �pu�k � p� (34)

Equation (34) has m outputs and r control inputs. Thus, the
dimension of output y�k� and input u�k� ism 	 1 and r 	 1 at time k,
respectively. The coefficients �i and �i called observer Markov
parameters with i� 1; 2; . . . ; p (p is the system order) must be
identified during operation. In this study, the systembecome a second
order involving only one output y (�i � 0) since the system is
periodic with a constant nonlinear frequency. Equation (34) can then
be simplified as

y�k� � �1y�k � 1� � �2y�k � 2� (35)

System parameters or Markov parameters �i and �i can be found
by using the recursive least squares method. Equation (34) can be
written in a vector form:

y�k� � �Yvp�k � 1� (36)

where

�Y � ��1 �2 � � � �p �0 �1 �2 � � � �p � (37)
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vp�k � 1� �
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u�k�
..
.

u�k � p�

2
666666664

3
777777775

(38)

For different values of k, Eq. (36) can be rewritten as

y� �YVp (39)

where

y� � y�k� y�k� 1� � � � y�k� N � p � 1� �
Vp � � vp�k � 1� vp�k� � � � vp�k� N � p � 2� �

�k� p� 1; p� 2; . . .�
(40)

The integerN is the number of samples processed in the system ID.
The system parameters, at time �k� N � p � 2� � 1, can be
identified by using the least squares method:

�̂Y p � yVTp �VpVTp �� (41)

where the superscript symbol “�” represents pseudo inverse of
matrix.

For the system under consideration, Eq. (39) can be simplified by
substituting Eq. (35) to yield

y�k� � �Yvp�k � 1�

� ��1 �2 �
y�k � 1�
y�k � 2�

" #
(42)

For a different value of k, Eq. (42) can be expressed as

� y�k� y�k� 1� � � � y�k�N � p� 1� �
� � �Yvp�k� 1� �Yvp�k� � � � �Yvp�k�N � p� 2� �
� �Y� vp�k� 1� vp�k� � � � vp�k�N � p� 2� �

� ��1 �2 �
y�k� 1� y�k� � � � y�k�N � p� 2�
y�k� 2� y�k� 1� � � � y�k�N � p� 3�

" #
(43)

Using Markov parameters obtained from Eq. (43), the corre-
sponding characteristic equation of LCO can be expressed as

z2 � �1z� �2 � 0 (44)

This characteristic equation can be used to identify the LCO
frequency. After determining the roots of the characteristic equation,
the free-vibration natural frequency is calculated by using the
relationship between Z-domain and S-domain for the poles:

z� esT (45)

where T is the sampling time. One of the roots of the characteristic
equation is the discrete system pole:

z� z0 � jz1 (46)

It can be represented as

z�
�������������������
�z20 � z21�

q
�z00 � jz01� � es1Tejs2T (47)

with �������������������
�z20 � z21�

q
� es1T (48)

and

�z00 � jz01� � ejs2T (49)

where

z00 �
z0�������������������
�z20 � z21�

p ; z01 �
z1�������������������
�z20 � z21�

p (50)

For the discrete pole location z, one can calculate S1 and S2 and
obtain the system pole S1 � jS2 in the S-domain. The system
frequency can be calculated as
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Fig. 1 Cylindrical panel geometry.

Table 1 Natural frequencies for a graphite-epoxy rectangular cylindrical simply supported panel without
and with actuators embedded at the top and the bottom layers

Frequency, Hz

Material, �03=903� lamination Mode (1,1) Mode (3,1) Mode (1,3) Mode (3,3)

Graphite-epoxy 261.32 331.74 536.52 657.00
Graphite-epoxy with embedded MFC (see Appendix B) 232.64 297.68 487.79 652.45
Graphite-epoxy with embedded PZT5A (see Appendix B) 243.89 306.15 535.64 665.52
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Fig. 3 Bending and in-plane mode shapes of mode (1,1) for a quarter of the simply supported �03=903� cylindrical panel along A–C and B–C in Fig. 1.

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
x, meter

B
en

d
in

g
 m

o
d

e 
sh

ap
e

A

C

0 0.02 0.04 0.06 0.08 0.1 0.12
y, meter

B
en

d
in

g
 m

o
d

e 
sh

ap
e

B C

a) Bending mode (3,1) along A-C b) Bending mode (3,1) along B-C 

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
x, meter

In
-p

la
n

e 
m

o
d

e 
sh

ap
e

A

C

0 0.02 0.04 0.06 0.08 0.1 0.12
y, meter

In
-p

la
n

e 
m

o
d

e 
sh

ap
e

B C

c) In-plane mode (3,1) along A-C d) In-plane mode (3,1) along B-C 

Fig. 4 Bending and in-plane mode shapes of mode (3,1) for a quarter of the simply supported �03=903� cylindrical panel along A–C and B–C in Fig. 1.
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Fig. 5 Bending and in-plane mode shapes of mode (1,3) for a quarter of the simply supported �03=903� cylindrical panel along A–C and B–C in Fig. 1.
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Fig. 6 Bending and in-plane mode shapes of mode (1,1) for a quarter of the simply supported �03=903� cylindrical panel along A–C and B–C in Fig. 1.
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!�
���������������
s21 � s22

q
(51)

In the current system, the preceding frequency corresponds to the
LCO frequency of the shallow shell. As mentioned earlier, this
frequency detected from the ARX model is based on the deflection
Wmax of the periodic LCO response, i.e., it is computed using the
stiffnessmatrix having its contributions from the linear and nonlinear
components, as introduced in Eq. (17). Finally, the LCO period can
be calculated as

Tp �
2�

!
(52)

C. Nonlinear Controller Using LQR/EKF with System ID

LQR/EKF has a good control performance for nonlinear free-
vibration with a certain nonlinear frequency. However, if the system
response frequency is suddenly changed, it is not possible to control
the vibrations only with the LQR/EKF. Thus, the LQR/EKF
enhanced with the system ID is effectively feasible to suppress not
only the original LCO but also the changed LCO. The procedure
using a system ID consists of two steps: First, the system ID detects
the nonlinear frequency of LCO from the output through the
nonlinear system. Then, the detected frequency is identified by using
the relationship between the nonlinear frequency and vibration
amplitude. Secondly, the system ID provides the identified frequency
to LQR/EKF controller. The frequency information given by the
system ID adjusts the control parameters of the LQR/EKF controller,
i.e., the LQR/EKF controller with the system ID is optimized based
on the corresponding updated system.

IV. Numerical Results and Discussion

The FE modal equations of motion of the laminated composite
shallow shell can be solved by the shooting method and the fourth
order Runge-Kutta integration scheme to obtain the LCO. For
multiple-mode solutions, a selection of proper initial conditions is
critical for obtaining the steady periodic response. In the present
work, the iterative procedure presented by Przekop et al. [28] is used
to provide such an initial conditions.

In general, it was demonstrated that nonsymmetric dynamic
response can exist for symmetric structures exposed to a symmetric
spatial loading distribution [29,30]. However, for the structure under
consideration in response regimes Wmax=h comparable with the
current studies, it was found [9] that the antisymmetric response
components are not present. Consequently, the reduced-order
model used in this study is based only on the symmetric modes.
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Fig. 8 Time response and phase plot of the panel with embedded MFC having the largest softening effect.
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Fig. 9 Time response and phase plot of the panel with embedded PZT5A having the largest softening effect.
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Fig. 10 For modes (1,1), (3,1), (1,3), and (3,3), time response and phase plots of the panel with embedded MFC having the largest softening effect.
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Fig. 11 For modes (1,1), (3,1), (1,3), and (3,3), time response and phase plots of the panel with embedded PZT5A having the largest softening effect.
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Fig. 12 Time response and phase plot for the �03=903� cylindrical panel with embedded MFC having only the hardening effect.
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Fig. 13 Time response and phase plot for the �03=903� cylindrical panel with embedded PZT5A having only the hardening effect.

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

Time,sec

q
(1

,1
)/h

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5
-3000

-2000

-1000

0

1000

2000

3000

q(1,1)/h

(d
q

(1
,1

)/
d

t)
/h

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035

-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Time,sec

q
(3

,1
)/h

-0.1-0.05 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
-400

-300

-200

-100

0

100

200

300

400

q(3,1)/h

(d
q

(3
,1

)/d
t)

/h

a) Mode (1,1)

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035

-0.15

-0.1

-0.05

0

0.05

Time,sec

q
(1

,3
)/h

-0.15 -0.1 -0.05 0 0.05
-300

-200

-100

0

100

200

300

q(1,3)/h

(d
q

(1
,3

)/d
t)

/h

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

Time,sec

q
(3

,3
)/h

-0.08 -0.06 -0.04-0.02 0 0.02 0.04 0.06 0.08 0.1 0.12
-500

-400

-300

-200

-100

0

100

200

300

400

500

q(3,3)/h

(d
q

(3
,3

)/d
t)

/h

c) Mode (1,3)

b) Mode (3,1)

d) Mode (3,3)

Fig. 14 For modes (1,1), (3,1), (1,3), and (3,3), time response and phase plots for the �03=903� cylindrical panel with embedded MFC having only the

hardening effect.
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Fig. 15 For modes (1,1), (3,1), (1,3), and (3,3), time response and phase plots for the �03=903� cylindrical panel with embedded PZT5A having only the

hardening effect.
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Furthermore, due to the symmetry of the response, only a quarter of
the shell was modeled using a 14 	 14 mesh or 392 triangular
shallow-shell elements. Simply supported immovable boundary
conditions were applied on the two constrained edges and symmetry
conditions were prescribed on the remaining two edges. For all study
cases, graphite-epoxy cylindrical panels presented in Fig. 1 are
used. The panel’s dimensions are 12 	 10 	 0:054 in:. (30:48	
25:40 	 0:1372 cm) with the curvatures of Rx � 150 in. (381 cm)
and Ry �1, and the symmetry axes connecting points A, C and B

indicate the preceding quarter-panel section studied. Two antisym-
metrical lamination stacking sequences of �0=0=0=90=90=90� and
�90=90=90=0=0=0� (shorthand notation �03=903� and �903=03�,
respectively) were considered. Therefore per Eq. (5), the laminate
stiffness �B� adopts nonzero values indicative of bending-in-plane
material coupling.

The MFC and the traditional piezoelectric materials (PZT5A) are
used as self-sensing actuators. All material properties are shown in
Table A1. Before the suppression of nonlinear vibrations is

Table 2 Modal participations in the three-mode solutions for a

simply supported �03=903� cylindrical rectangular panel with
embedded actuators

Modal participation atWmax, %
Wmax

h
Modal participation atWmin, %

!NL

!L

Wmin

h
q11 q31 q13

Graphite/epoxy with MFC

0.9318 0.9212 73.4644 25.3141 1.2215
0.9318 �1:5389 69.2581 27.6468 3.0951
1.0516 1.2425 93.9060 5.0851 1.0089
1.0516 �1:7931 80.3475 14.1415 5.5110
1.1022 1.3705 95.0354 4.1700 0.7946
1.1022 �1:9864 81.4720 12.8384 5.6896

Graphite/epoxy with PZT5A

0.9387 1.0356 82.7397 16.2571 1.0032
0.9387 �1:7958 77.6370 18.5975 3.7655
1.1039 1.3894 90.8526 9.0576 0.0897
1.1039 �2:0556 79.4488 15.1691 5.3821

Table 3 Modal participations in the four-mode solutions for a

simply supported �03=903� cylindrical rectangular panel with
embedded actuators

Modal participation atWmax, %
Wmax

h
Modal participation atWmin, %

!NL

!L

Wmin

h
q11 q31 q13 q33

Graphite/epoxy with MFC

0.9318 0.9227 72.2108 24.9282 0.9762 1.8848
0.9318 �1:5404 67.6730 26.9938 2.9480 2.3852
1.0516 1.2775 90.1101 5.6963 0.9028 3.2908
1.0516 �1:8898 78.3496 13.5415 5.2680 2.8408
1.1022 1.4206 90.1556 4.6593 0.8320 4.3531
1.1022 �2:1031 79.2025 12.1189 5.3151 3.3635

Graphite/epoxy with PZT5A

0.9387 1.0042 80.9464 16.2645 0.4845 2.3046
0.9387 �1:7409 76.1459 18.0289 3.6274 2.1978
1.0880 1.4467 84.3437 9.3753 0.8350 5.4460
1.0880 �2:1879 76.7023 14.3507 4.8012 4.1459
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Fig. 16 Performance of the active controller for the 4-mode solution of the simply supported �03=903� cylindrical panel using MFC.
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attempted, the relation of the large-amplitude LCO deflection versus
the nonlinear frequency was investigated. Then, the control results
for an active and adaptive controller are introduced and discussed.

A. Finite-Element Free-Vibration Analysis Results

This section includes not only results of the plain graphite-epoxy
panel studies but also free-vibration results for panelswith embedded
PZT5A and MFC piezoelectric materials.

1. Lamination Stacking Sequence Influence on the Response

Characteristics

Since the softening effect in curved panels can be either magnified
or suppressed by the lamination stacking sequence selection, the
response of curved panels with two different antisymmetric lami-
nation stacking sequences of �03=903� and �903=03� is investigated
first with a single-mode solution. Although the single-mode solution
may be not very accurate, it is usually sufficient to determine the
presence of the softening and/or hardening response characteristic
[9]. It was determined from the single-mode analysis that the
lamination stacking sequence of �03=903� (where the �03� layers are
closer to the shell center) exhibits both softening and hardening
response characteristics. Contrary, the �903=03� shallow-shell panel
exhibits only the hardening response as shown in Fig. 2.
Consequently, the �03=903� lamination was selected for the further
studies since the presence of two distinct types of nonlinearity
constituted a more challenging case for the control system design.

2. Natural Frequencies and Mode Shapes

To obtain an accurate large-amplitude free-vibration response, a
multimode analysis rather than a single-mode analysis may be
necessary. Generally, the larger the amplitude, the larger the number
of modes required for the converged solution. In this study, the
number of modes is increased up to four, and includes the lowest
frequency symmetric modes (1,1), (3,1), (1,3), and (3,3). The first
four natural frequencies of the composite cylindrical panel with and
without the actuators are presented in Table 1. For a curved panel,
since the transverse displacement component and the in-plane
displacement component of each linearmode are inherently coupled,
both transverse and in-plane mode-shape components for the
�03=903� lamination panel are shown inFigs. 3–6 alongA–CandB–C
shell sections, as depicted in Fig. 1.

3. Multimode Free-Vibration Solutions

Figure 7 shows that the difference between the three-mode and the
four-mode solutions in softening part is relatively insignificant,
which is usually indicative of adequate convergence being achieved.
Also, it is demonstrated that the multimode solutions depart from the
single-mode solution, especially for larger amplitudes in the inbound
part of the oscillation. Time responses and phase plots for the simply
supported �03=903� cylindrical rectangular panel under moderately
large-amplitude free vibrations, which have the largest softening
effect or the lowest frequency ratio !NL=!L, are shown in Fig. 8 for
the panel embedded with MFC and in Fig. 9 for the panel embedded
with PZT5A. The time response and phase plot of each mode are
presented in Fig. 10 for the MFC-embedded panels, and Fig. 11 for
PZT5A embedded panels.
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The results for the �03=903� composite cylindrical panel in the
response range having only the hardening effect are presented in
Fig. 12 for the panel embeddedwithMFC, and in Fig. 13 for the panel
embedded with PZT5A. The corresponding time response and phase
plot for each mode are illustrated in Fig. 14 for MFC and Fig. 15 for
PZT5A.

The modal participation of each mode can be calculated based on
Eq. (19). The inbound deflection of the shallow shell has a larger
absolute value than the outbound deflection, while the absolute
values of the inbound deflection of the flat plate are the same as the
outbound deflection. For this reason, modal participations for both
Wmax=h andWmin=h displacement ratios are computed. Tables 2 and
3 show that the modal participations at Wmax=h and Wmin=h are
different for both the three-mode and the four-mode solution,
respectively.

B. Control Results for Nonlinear Free Vibrations

1. Optimal Placement of Self-Sensing Piezoelectric Actuators

Before applying an active or an adaptive controller, the best
location of the embedded piezoelectric layers should be first inves-
tigated to attain the optimal actuation, optimal sensing, and
especially important in aerospace applications, minimal weight. The
NFCG method in Eq. (25) and the NKFEG method in Eq. (32) are
used to find the optimized locations for actuators and sensors,
respectively. The preferable locations of actuators and sensors
obtained from the NFCG andNKFEGmethod are then combined for
the best location of self-sensing actuators.

The optimal placement of actuators and sensors using not only
MFC but also PZT5A is shown in Figs. B1–B4 in Appendix B. The
optimal location of self-sensing actuators for both actuator materials

is illustrated in Figs. B5 and B6 in Appendix B. In this study, the
optimal size of self-sensing actuators is investigated with 20.41% of
the panel area. The optimal location of MFC is determined where
NFCGnorm kKk > 4:265 andNKFEG norm kKek> 2:198, and the
optimal location of PZT5A is obtained using NFCG norm kKk>
4:195 and NKFEG norm kKek> 0:015.

2. Active Control Results

Before investigating the performance of the adaptive controller,
the performance of the active LQR/EKF controller is first determined
and discussed in this section. Although the active controller has a
good control performance at a certain nonlinear frequency, when the
frequency of LCO is suddenly changed, such a controller is no longer
suitable. To deal with this sudden change of the system response,
LQR/EKF controller should be adaptively designed. The adaptive
control performance will be discussed in the next section.

For an active LQR/EKF controller using MFC, designed
parameters ofQ andR weighting matrices for LQR withQe and Re
weighting matrices for EKF are chosen as

Q � c 	 !r 0

0 !r

� �
; R� �C��C�T (53)

Qe � c 	 �I�; Re � �C��C�T (54)

Designed parameters of an active controller using PZT5A are
selected as
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Q � c 	 !r 0

0 !r

� �
; R� �I� (55)

Qe � c 	 �I�; Re � c 	 �I� (56)

where !r (r� 1; 2; 3 � � � n) are linear natural frequencies, and c is a
constant number.

Figure 16 for the MFC-embedded panel, and Fig. 17 for the
PZT5A-embedded panel show that active LQR/EKF controller is
effective in suppressing the nonlinear vibration at a certain fixed
frequency. These results indicate that the active controller usingMFC
has much better control performance than using PZT5A. This is why
the adaptive controller, which will be discussed in the next section, is
designed using only the MFC self-sensing actuator.

3. Adaptive Control Results

The active controller has difficulties to adjust the control param-
eters to cope with the changed structural response. The controller
should thus be adaptively designed using the system IDwhich has the
ability to identify the LCO frequency. Especially, the adaptive
controller is highly suitable for the suppression of the nonlinear free
vibrations of the cylindrical panel including hardening and softening
characteristics.

The system identification algorithm is implemented before the
controller is activated. Figure 18 shows an excellent control per-
formance of adaptive controller which consists of a) the free
vibrations with the nonlinear frequencies including the largest
softening effect in this system, b) controlled vibration, c) control
input, and d) the time period when the system ID is activated.

Figure 19 shows that the adaptive controller has the capability to
suppress a broad range of nonlinear free-vibration regimes.

V. Conclusions

A coupled structural-electrical nonlinear modal FE model for
laminated composite shallow shells with embedded piezoelectric
sensors and actuators was formulated in structural DOF and then
transformed into the reduced-coordinates. The free response char-
acteristics of the shallow shells were first investigated. It was
determined that the curved panel with the antisymmetric lamination
sequence of �03=903� exhibits both softening and hardening nonlinear
response characteristics, while the curved panel with the lamination
sequence of �903=03� provides only the hardening response behavior.

For accurate LCO analysis, a multiple-mode approach with an
iterative procedure to determine the initial conditions providing a
periodic response was used. The results confirmed that multiple-
mode solutions instead of single-mode solutions were necessary for
obtaining accurate large-amplitude LCO.

Based on the active control studies, it was determined that the
LQR/EKF controller has a good control performance at a certain
nonlinear frequency. Additionally, it was demonstrated that theMFC
is a much more efficient actuator than the PZT5A. The active
controller adequate performance, however, was found being limited
to a specific fixed nonlinear frequency. Consequently, it was
concluded that theLQR/EKF should be adaptively designed by using
system ID algorithm to improve its robustness. Once the controller
adaptability was introduced, it was demonstrated that the nonlinear
vibrations of the system changing its response characteristics from
the softening to hardening can be also successfully suppressed.
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Appendix A: Material Properties

Appendix B: Placement of Self-Sensing Actuators

Table A1 Material properties of the graphite-epoxy composite, PZT5A, and MFC

Materials Young’s modulus, psi Shear modulus, psi Poisson’s ratio Density, lb-sec2=in:4 Charge constant, in:=V Vmax, V Thickness, in.

Graphite-epoxy E1 � 26:24 	 106

E2 � 1:49 	 106
G12 � 1:04 	 106 �1 � 0:28

�2 � 0:011
�� 1:458 	 10�4 —— —— ——

PZT5A Ep � 9:00 	 106 Gp � 3:43 	 106 �� 0:30 �p � 7:10 	 10�4 d31 ��7:51 	 10�9 820 hp � 0:009
MFC Ep1 � 5:29 	 106

Ep2 � 1:10 	 106
Gp12 � 2:12 	 106

Gp23 � 1:06 	 106
�p1 � 0:25
�p2 � 0:05

�p � 7:07 	 10�4 d11 � 2:09 	 10�8

d12 ��8:27 	 10�9
2000 hp � 0:009

Fig. B1 NFCG norm of each element for a quarter of the composite

cylindrical panel using MFC.

Fig. B2 NKFEG norm of each element for a quarter of the composite

cylindrical panel using MFC.

Fig. B4 NKFEG norm of each element for a quarter of the composite

cylindrical panel using PZT5A.

Fig. B3 NFCG norm of each element for a quarter of the composite

cylindrical panel using PZT5A.
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